Abstract. In this paper, a new type of time-fixed cooperative rendezvous between two spacecraft in the same circular orbit is proposed and analytical solutions are obtained in consideration of two body model. The analytical solution is used as initial value in the optimization model which solves the rendezvous problem with high precision. The simulation which compares results of two body model and J 2 perturbation model shows that this new cooperative rendezvous strategy named Hohmann-Ellipse Cooperative Maneuver (HECM) has great advantage over traditional active-passive rendezvous methods. Given a fixed time, the velocity of cooperative rendezvous can decrease by 30% at most when compared with non-cooperative rendezvous.
Introduction
The problem of spacecraft orbital transfers has been studied extensively for a long time. Most of the reported studies for spacecraft rendezvous missions focus on active-passive (non-cooperative) rendezvous, there are also works on active-active (cooperative) rendezvous. The optimal cooperative rendezvous considering minimum fuel cost between neighboring or coplanar circular orbits have been studied in reference [1, 2] . The optimal terminal maneuver of two active satellites which perform cooperative impulsive rendezvous has been studied in reference [3] . Time-fixed cooperative rendezvous which uses primer vector theory has been researched in reference [4] . Multi-spacecraft refueling with cooperative maneuvers based on two body model and J 2 perturbation model have been studied in reference [5] and [6] respectively. Two time-fixed cooperative maneuvers have been proposed and utility for Peer-to-Peer (P2P) has been demonstrated in reference [7] . Egalitarian P2P and optimal low thrust P2P have been studied in reference [8] and [9] . Long-range cooperative rendezvous between two coplanar spacecraft on LEO has been theoretically analyzed in reference [10] . Based on extant research, however, the co-orbital rendezvous problem has seldom been studied specifically and when it comes to cooperative rendezvous, the number of literature to be referred to becomes smaller.
In this paper, a new cooperative maneuver strategy named Hohmann-Ellipse cooperative maneuver (HECM) is theoretically studied. The aim is to solve the problem that two spacecraft in the same orbit accomplish rendezvous a fixed time. The rest of this paper is organized as follows. Section 2 mainly introduces the application background and theoretical formulation of Hohmann-Ellipse cooperative maneuver. Section 3 presents the optimization models which contains two body and J 2 perturbation dynamic model of HECM. Numerical examples and conclusion are presented in Section 4 and Section 5.
Hohmann-Ellipse Cooperative Maneuver

Mission Scenario
The background is that a spacecraft (the chaser) departs from the Space Station to refuel another spacecraft (the target) in the same orbit and returns to the Space Station after fueling. Fig 1 and 
HECM Formulation
The semi-major axis of initial orbit is r 0 and the semi-major axis of target orbit is r 0 ' . Rendezvous between two spacecraft happens on the target orbit. There exists an initial phase angle H θ between the target and the chaser on the initial orbit. The time permitted to accomplishing rendezvous is T G and time permitted to coming back to the Space Station is T B . The duration of refueling lasts for time T serv . In order to transfer from r 0 to r 0 ' by means of Hohmann Transfer, the velocity and time needed are shown as follows: 
The left of the equation stands for the variation of chaser's phase angle which is equal to the sum of the variation of target's phase angle with initial phase angle H θ .
After accomplishing rendezvous with the target spacecraft, the phase angle between the chaser spacecraft and the Space Station is S θ . It takes T serv to finish on-orbit refueling and then the chaser spacecraft returns to the Space Station. During the period of returning, the Space Station becomes the new target and the time allowed to come back is T B . S θ is given by 
Eq 5 means that the change of chasing spacecraft's phase angle minus the change of Space Station's phase angle is equal to S θ . Provided that the semi-major axis of chaser's phasing orbit is r 1 , velocity is obtained by 
Optimization Model
The optimization model can be divided into two parts. The first part is two body dynamic optimization model and the other part is the one considering J 2 perturbation. Differences of the two parts are only reflected in design variables. objective functions. Objective function
Design Variables
Two body optimization model contains 3 design variables which are 0 r′ , 1 r and 2 r respectively. Design variables are given by 1 X , 2 X and 3 X in J 2 perturbation optimization model. They are described as below. 
where 1 x is the velocity increment of the target spacecraft, 2 x is the set of velocity increment of the chasing spacecraft to realize rendezvous with the target spacecraft, 3 x is the set of velocity increment of the chasing spacecraft to return to the Space Station, 4 x is the set of semi-major axis, 5 x is the set of transfer time which contains target's and chaser's transfer time in refueling orbit, 6 x is the set of transfer time which only contains chaser's transfer time in returning orbit.
Objective Function
In the rendezvous mission, the chaser and target spacecraft both execute orbital transfers which consumes some propellant. Two different situations are considered here. In the first situation, the propellant is sufficient to finish the rendezvous. However, the amount of propellant is limited in another situation so that the velocity increment cannot exceed the maximal velocity increment max v . The objective is to minimize the total velocity increment.
where t V ∆ stands for the total impulse applied by the target spacecraft, c V ∆ stands for the total impulse applied by the chasing spacecraft.
Constraints
For the whole mission, the total mission time is limited. In this cooperative rendezvous, G T , B T and serv T are all determined.
where G T is the total transfer time for refueling orbit, B T is the total transfer time for returning orbit, serv T is the on-orbit servicing time, total T is the entire time of the whole mission.
Optimization Process
Firstly, calculate the result of two body model. By means of differential evolution algorithm, the two equations (Eq 4 and Eq 5) can be satisfied and minimized objectives are obtained. Thus the optimal velocity increment and transfer time are derived. Secondly, initialize the J 2 perturbation model. The result of velocity increment and transfer time are substituted into the J 2 perturbation model as the initial value.
Finally, calculate the result of J 2 perturbation model. By means of sequential quadratic programming (SQP), the time constraint and propellant constraint are satisfied and minimized objectives are obtained. Thus the optimal velocity increment and transfer time under consideration of J 2 perturbation are derived.
Numerical Examples and Analyses
Problem Configuration
There are two spacecraft on an LEO orbit whose semi-major axis is 7000km. In this chapter, both cooperative and non-cooperative strategies are calculated and compared to each other. The total rendezvous time total T is 5 days, with G T =1 day, serv T =2 days and B T =2 days. The constants used in trajectory calculations are earth radius e R =6378.137km, 
Results of Two Body Model
In this case, the result derived from two body model is researched. The transfer time is 72h which includes G T and B T . From Table 1 and Fig 4 it can be concluded that the velocity increment of cooperative rendezvous is smaller than that of non-cooperative rendezvous in two body model. Furthermore, the rising height 0 0 r r ′ − increases with the increase of phase angle H θ .
Results of J 2 Perturbation Model
The optimal result considering J 2 perturbation is shown in Table 2 . Table 2 . Optimal solution results with considering J 2 perturbation in 72h.
Rendezvous Type The result shows that the velocity increment of HECM is very similar to the result of non-cooperative maneuver. The reason why results of J 2 perturbation model are different from what are obtained from two body model is that extra normal velocity increment in J 2 perturbation model is reduced to a large scale by setting suitable deviations of RAAN. According to Gauss perturbation equation, the right ascension of ascending node will change during co-planar rendezvous process, which leads to existence of normal velocity. In order to cut down the unnecessary velocity increment, the initial orbital RAAN of the chaser spacecraft and the target spacecraft are a little different. If the total rendezvous time is long enough which means the overall velocity increment is not very large, the normal velocity being cut down plays an important role in the total velocity increment. Thus, the velocity increment cost by non-cooperative maneuver is smaller than cooperative maneuver.
In order to prove the validity and advantage of HECM in J 2 perturbation model, the total maneuver time is shortened to 18 hours where G T =6 h, B T =12 h and serv T remains the same. The result are shown in Table 3 Rendezvous Type From Fig 5 we can see, when the total maneuver time is reduced to 18 hours, the optimal velocity increment of HECM is better than non-cooperative results at any initial phase angles. It is because that the proportion of normal velocity in the total velocity increment is decreased when time is shorter. Therefore, the advantage built up by modifying RAAN deviation for non-cooperative maneuver is reduced and the remarkable advantage offered by HECM appears.
It can be concluded that HECM also has more advantages than traditional non-cooperative maneuvers strategies using the dynamic model with J 2 perturbation.
Conclusions
A new cooperative maneuver named Hohmann-Ellipse cooperative maneuver considering the two body as well as J 2 perturbation dynamic model is studied in this paper. Not only minimum velocity increment but minimum propellant cost is obtained by means of optimization model.
Numerical examples have been used to testify the effectiveness of the proposed cooperative strategy and a major conclusion is drawn. HECM can reduce the total velocity increment to a large scale in both two body and J 2 perturbation dynamic models. Results given by HECM is even better than results which has modified unnecessary normal velocities and the advantage is more remarkable when the rendezvous is accomplished in a short time.
All in all, the proposed cooperative strategy in this study can apply to co-orbital refueling and other on-orbit service missions. The cooperative rendezvous strategy has advantages over the traditional non-cooperative strategy.
